
Introduction

Ring resonators operating in non-steady state mode can be useful.  This document will detail how ring resonators fields are built up and how they dissipate.

Math for Maximum Resonance
To keep this as simple as possible we will let only one mirror have non-zero transmission so that this mirror will be both the input and output mirror.  That mirror's amplitude reflectance as observed from outside the resonator will be labeled re and that from inside the resonator will be ri.  For our purposes we will assume that ri is a positive real number.  Optical physics then dictate that re will be -ri.  To get started let us assume that the total optical path around the resonator is an integer number, N, of wavelengths so that the phase delay of light around the resonator is 
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For our purposes it will be adequate to measure time in units of L/c where L is the resonator path length and c is the speed of light.  For L=30 cm L/c is 1 nanosecond which is an experimentally convenient to measure time increment.  
Light that is being injected n units after the source has started up, will be coherently reinforced by the echoes of its preceding injections by the quantity:
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It is well known that this is a geometric series and has the exact sum:
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Now, if the source provides amplitude E0, the primitive input through the mirrors transmission coefficient will be
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and, at any time n after the source has been started, this e0 will be enhanced to en by factor F(n):
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Now we can express t as a function of ri:
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Since the resonator has no internal loss, it would be reasonable to expect that, during steady state operation, the sum of the transmitted intensity out of the input mirror and the reflected intensity from the input mirror will be just E0.  We will now show that to be true.  Note that 
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However the reflected field is always:
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Steady state means that n in equation (1.6)

 goes to infinity so that etransmitted becomes:
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Then, combining equations (1.8)

 we have 
(1.7)

 and 
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as expected.
The output Vs time after the input has started is proportional will look like an exponential due to the 1-r^n term.  Below is a plot Vs n:
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Figure 1.  Plots of the internal field and intensity as well as the resonator output Vs the integer n which represents time for an amplitude reflectance of 0.96.
The curve for e in Figure 1 looks like the exponential:
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where ne  is a constant that defines the value of n when f(n)= 1-1/e.
Note that the term in the numerator of equation (1.4)
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is an identity which can be confirmed by taking the logarithm of both sides of the equation:



[image: image14.wmf]ln()ln(exp(ln())

nrnr

=

 
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.12)

so that
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Thus we can conveniently compute the values or rn by computing a natural logarithm and a single exponential.
Math when off Resonance
When the path length around the resonator is increased so that the total phase shift is
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then equation (1.1)

 becomes:
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and equation (1.2)

 becomes:



[image: image18.wmf]1

()

1

nin

i

o

i

i

re

Fn

re

d

d

-

=

-

 
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.16)

The numerator in equation (1.2)

(1.16)

 is quite different from the denominator in equation (1.16)

 still goes to zero as n becomes very large.  But the denominator in equation 
We can see how this effects the resulting en by multiplying by the complex conjugate:
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When n goes to infinity, the minimum value of the Fo in equation (1.17)

 is 1/(1+r2) and the maximum value is 1/(1-r).
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Figure 2:Real and Imaginary parts of the field amplitude (when fully charged) Vs phase offset expressed in radians.
Discharge of Amplitude and Intensity
To express the amplitude Vs n when discharging we first look at the expression for charging in equation (1.10)
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Discharging the amplitude has the same time constant as charging and thus
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where fd(n) is the field amplitude at pass n, n is still the total number of passes after turn-on of the input and n0 is the number passes at which the input was turned off.  Since fd is the field, the intensity, I, must be proportional to this quantity squared:
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Recall from equation (1.13)

 that
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For this section let me generalize the definition of r to be the coefficient of the single pass amplitude return to its starting point.  Then 
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r

 will be the coefficient of the single pass intensity return to its starting point.  These coefficients will then be reduced by mirror scattering losses, mirror absorption losses, and bulk absorption losses of any media between the mirrors.

Now let's relate ne to the intensity losses per pass which are expressed:



[image: image26.wmf]2

1(1)(1r)

I

lrr

=-=+-

 
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.22)

Now we will specialize the intensity losses to the case where 1-r<<1 so that 
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Solving this equation for r we have:
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Thus we have 
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Since lI<<1 it is a good approximation to say
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and therefore
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Then equation (1.20)

 becomes
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I wish to point out that equation cavity ring-down spectroscopy(1.28)

 is correct and is in agreement with published results for " GOTOBUTTON ZEqnNum895063  \* MERGEFORMAT ".
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Figure 3:Charge and discharge of a resonator's amplitude and intensity as a function of the number of passes since starting.  

Note in Figure 3 that the amplitude discharge is the complement of the amplitude charge.  Also note that this is not the case for the intensity discharge which is far faster than the intensity charge.  This latter asymmetry  is true of the energy of capacitors in series RC circuits as well.
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				0.6321205588		0.3995764009

				1-exp(-x)		(1-exp(-x))^2		exp(-x)		exp(-2x)

		x		charge Amp		Charge Int		Discharge Amp		Discharge Int

		0		0		0		1		1

		0.05		0.0487705755		0.002378569		0.9512294245		0.904837418

		0.1		0.095162582		0.009055917		0.904837418		0.8187307531

		0.15		0.1392920236		0.0194022678		0.8607079764		0.7408182207

		0.2		0.1812692469		0.0328585399		0.8187307531		0.670320046

		0.25		0.2211992169		0.0489290936		0.7788007831		0.6065306597

		0.3		0.2591817793		0.0671751947		0.7408182207		0.5488116361

		0.35		0.2953119103		0.0872091244		0.7046880897		0.4965853038

		0.4		0.329679954		0.108688872		0.670320046		0.4493289641

		0.45		0.3623718484		0.1313133565		0.6376281516		0.4065696597

		0.5		0.3934693403		0.1548181217		0.6065306597		0.3678794412

		0.55		0.4230501896		0.1789714629		0.5769498104		0.3328710837

		0.6		0.4511883639		0.2035709397		0.5488116361		0.3011942119

		0.65		0.4779542232		0.2284402395		0.5220457768		0.272531793

		0.7		0.5034146962		0.2534263564		0.4965853038		0.2465969639

		0.75		0.5276334473		0.2783970547		0.4723665527		0.2231301601

		0.8		0.5506710359		0.3032385898		0.4493289641		0.201896518

		0.85		0.5725850681		0.3278536602		0.4274149319		0.1826835241

		0.9		0.5934303403		0.3521595687		0.4065696597		0.1652988882

		0.95		0.6132589765		0.3760865723		0.3867410235		0.1495686192

		1		0.6321205588		0.3995764009		0.3678794412		0.1353352832

		1.05		0.6500622509		0.42258093		0.3499377491		0.1224564283

		1.1		0.6671289163		0.445060991		0.3328710837		0.1108031584

		1.15		0.6833632306		0.466985305		0.3166367694		0.1002588437

		1.2		0.6988057881		0.4883295295		0.3011942119		0.0907179533

		1.25		0.7134952031		0.5090754049		0.2865047969		0.0820849986

		1.3		0.727468207		0.5292099921		0.272531793		0.0742735782

		1.35		0.7407597394		0.5487249914		0.2592402606		0.0672055127

		1.4		0.7534030361		0.5676161347		0.2465969639		0.0608100626

		1.45		0.7654297119		0.5858826439		0.2345702881		0.0550232201

		1.5		0.7768698399		0.6035267481		0.2231301601		0.0497870684

		1.55		0.7877520262		0.6205532547		0.2122479738		0.0450492024

		1.6		0.798103482		0.636969168		0.201896518		0.040762204								0.1353352832

		1.65		0.8079500914		0.6527833502		0.1920499086		0.0368831674

		1.7		0.8173164759		0.6680062219		0.1826835241		0.03337327

		1.75		0.8262260565		0.6826494965		0.1737739435		0.0301973834

		1.8		0.8347011118		0.696725946		0.1652988882		0.0273237224

		1.85		0.8427628337		0.7102491938		0.1572371663		0.0247235265

		1.9		0.8504313808		0.7232335334		0.1495686192		0.0223707719

		1.95		0.8577259284		0.7356937683		0.1422740716		0.0202419114

		2		0.8646647168		0.7476450724		0.1353352832		0.0183156389

		2.05		0.8712650964		0.7591028682		0.1287349036		0.0165726754

		2.1		0.8775435717		0.7700827203		0.1224564283		0.0149955768

		2.15		0.8835158422		0.7806002435		0.1164841578		0.013568559

		2.2		0.8891968416		0.7906710232		0.1108031584		0.0122773399

		2.25		0.8946007754		0.8003105474		0.1053992246		0.0111089965

		2.3		0.8997411563		0.8095341483		0.1002588437		0.0100518357

		2.35		0.9046308378		0.8183569527		0.0953691622		0.0090952771

		2.4		0.9092820467		0.8267938405		0.0907179533		0.008229747

		2.45		0.9137064135		0.8348594101		0.0862935865		0.0074465831

		2.5		0.9179150014		0.8425679498		0.0820849986		0.006737947

		2.55		0.921918334		0.8499334146		0.078081666		0.0060967466

		2.6		0.9257264218		0.856969408		0.0742735782		0.0055165644

		2.65		0.9293487869		0.8636891678		0.0706512131		0.0049915939

		2.7		0.9327944873		0.8701055555		0.0672055127		0.0045165809

		2.75		0.9360721388		0.876231049		0.0639278612		0.0040867714

		2.8		0.9391899374		0.8820777385		0.0608100626		0.0036978637

		2.85		0.9421556791		0.8876573237		0.0578443209		0.0033459655

		2.9		0.9449767799		0.8929811146		0.0550232201		0.0030275547

		2.95		0.9476602941		0.8980600329		0.0523397059		0.0027394448

		3		0.9502129316		0.9029046154		0.0497870684		0.0024787522

		3.05		0.9526410756		0.9075250189		0.0473589244		0.0022428677

		3.1		0.9549507976		0.9119310258		0.0450492024		0.0020294306

		3.15		0.9571478731		0.916132051		0.0428521269		0.0018363048

		3.2		0.959237796		0.9201371493		0.040762204		0.0016615573

		3.25		0.9612257922		0.9239550235		0.0387742078		0.0015034392

		3.3		0.9631168326		0.9275940332		0.0368831674		0.001360368

		3.35		0.9649156459		0.9310622037		0.0350843541		0.0012309119

		3.4		0.96662673		0.9343672352		0.03337327		0.0011137751

		3.45		0.9682543636		0.9375165127		0.0317456364		0.0010077854

		3.5		0.9698026166		0.9405171151		0.0301973834		0.000911882

		3.55		0.9712753603		0.9433758256		0.0287246397		0.0008251049

		3.6		0.9726762776		0.9460991409		0.0273237224		0.0007465858

		3.65		0.9740088712		0.9486932812		0.0259911288		0.0006755388

		3.7		0.9752764735		0.9511641998		0.0247235265		0.0006112528

		3.75		0.9764822541		0.9535175927		0.0235177459		0.0005530844

		3.8		0.9776292281		0.9557589077		0.0223707719		0.0005004514

		3.85		0.9787202636		0.9578933543		0.0212797364		0.0004528272

		3.9		0.9797580886		0.9599259121		0.0202419114		0.000409735

		3.95		0.9807452982		0.96186134		0.0192547018		0.0003707435

		4		0.9816843611		0.9637041849		0.0183156389		0.0003354626

		4.05		0.9825776254		0.9654587899		0.0174223746		0.0003035391

		4.1		0.9834273246		0.9671293028		0.0165726754		0.0002746536

		4.15		0.9842355835		0.9687196839		0.0157644165		0.0002485168

		4.2		0.9850044232		0.9702337137		0.0149955768		0.0002248673

		4.25		0.9857357661		0.9716750006		0.0142642339		0.0002034684

		4.3		0.986431441		0.9730469878		0.013568559		0.0001841058

		4.35		0.9870931874		0.9743529607		0.0129068126		0.0001665858

		4.4		0.9877226601		0.9755960533		0.0122773399		0.0001507331

		4.45		0.988321433		0.976779255		0.011678567		0.0001363889

		4.5		0.9888910035		0.9779054167		0.0111089965		0.0001234098

		4.55		0.9894327956		0.978977257		0.0105672044		0.0001116658

		4.6		0.9899481643		0.9799973679		0.0100518357		0.0001010394

		4.65		0.9904383981		0.9809682204		0.0095616019		0.0000914242

		4.7		0.9909047229		0.9818921699		0.0090952771		0.0000827241

		4.75		0.9913483048		0.9827714614		0.0086516952		0.0000748518
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								Ring resonator with all other mirrors perfect

								Note that ring resonator has twice the resolution of 2 sided FP resonator

								Also note that the 1 sided FP resonator has to be tilted so thickness is limited by beam diameter.
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